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Steel corrosion plays a central role in different technological fields. In this paper, we con-
sider a simple case of a corrosion phenomenon which describes a pure iron dissolution
in sodium chloride. This article is devoted to prove rigorously that under rather general
hypotheses on the initial data, the solution of this iron dissolution model converges to a
self-similar profile as t — +o00. We will do so for an equivalent formulation as presented
in the book of Avner Friedman about parabolic equations [9]. In order to prove the con-
vergence result, we apply a comparison principle together with suitable upper and lower
solutions.
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Introduction

We consider a pure iron steel in contact with an aqueous solution of sodium chloride
(NaCl). One of the major failure mechanisms in aggressive aqueous solution is pitting
corrosion. It is generally associated to the presence of a special anion, namely the chloride
ion. The presence of such an ion leads to the formation of small isolated holes (pits) in the
surface of the steel that may reach a considerable depth. Thus, the life cycle of a stain-
less alloy decreases in the presence of corrosion. For many decades, several computational
models have been developed to study and predict the time evolution of pitting corrosion.
The objective of these models is to provide powerful means to simulate the propagation
of localized corrosion, mainly pitting corrosion, in various environments, and to reduce
its impact. In this paper, we focus on a physical model which aims to describe the propa-
gation process of one individual corrosion pit. To do so, we consider the one-dimensional
mathematical model given in the following two references : [16, 17]. The model describes
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a pit growing in stable corrosion mode which refers to the case where propagation of the

pit occurs for long periods of time since critical conditions inside it prevents the stop of its
propagation [17]. Such a case is possible once a salt film is formed at the bottom of the pit.

In this model, we only describe the evolution of the metal atom concentration C' that
arises from pit dissolution. The evolution of the chloride concentration as well as the

sodium concentration are not taken into account. Figure 1 represents a one dimensional
stable pit where corrosion only occurs at the bottom of the pit (the walls of the pit do
not move). Note that a one-dimensional pit should be represented as an interval with
moving boundary [0, zd(t)) but in order to indicate all the necessary physical parameters,
we represent it as a rectangle in Figure 1.

Bulk solution

Metal surface

z=0
. Pitsolution
C(z,t) < Csar
Salt film
Solid metal z=12z4(t) 1+ " = Moving boundary zq
Pure iron C(z4(t), 1) = Csar
C = Csq1

Figure 1. A one dimensional corrosion pit.

It is composed of the following domains :

(1)
(2)

(3)

(4)

Solid metal with temporally and spatially constant metal atom concentration. In
the following, we represent the metal atom concentration by Cle.

Salt film at the pit bottom : the metal ions released from the solid metal combine
with chlorides in the solution, forming metal chloride salt at the bottom of the
pit. The more ions are released, the more salt is formed, until the saturation con-
centration of the salt is reached [17]. Thus, at the bottom of the pit, the iron ion
concentration remains constant and equal to the saturation limit Clg,t.

Pit solution with temporally and spatially varying concentration of dissolved iron
ions. Their concentration is laying below the saturation concentration: C(z,t) <
Csat-

Bulk solution outside of the pit, characterized by the vanishing iron ion concen-
tration C' = 0.

The depth of the pit is given by z,4(t) which indicates the position of the moving boundary
at time ¢t > 0 for suitable initial conditions for z4 and C.
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1 The physical model

The physical model is given by

Ot:Dsza t>0,O<Z<Zd(t)7

C(Oat) =0, t>0,

Czalt) 1) = Cuns, £ 0, (1.1)
dzq(t) D

= Cu(za(t)",1), t>0,
dt CSO] - Csat (Zd( ) ) ~

where D > 0 is the diffusion coefficient of the iron ions, z4(¢)~ refers to the liquid side
of the moving boundary and Cg, > Cgas.

In the following paragraph, we focus our study on the influence of two input param-
eters: the diffusion coefficient D and the saturated concentration Cy,¢ in Problem (1.1).
These two parameters play an important role to understand the evolution of the pit
depth as a function of time.

Choice of the input parameters :

In view of literature, we have found some possible values of D and Cg.;. Indeed, it
was mentioned that in the case of a one-dimensional pit, a reasonable approximation
of the value of D is in the range [7.1076,107°] (cm?.s7!) [18] while the value of Ciyy
can be equal to 5.02 mol/L [18] or 4.2 mol/L [19]. In [17], these parameters were set to
0.85 -107 cm?.s~! for the diffusion coefficient and to 5.1 mol/L for the saturated concen-
tration value. Thus, we will focus on these values to describe the evolution of the physics
of the corrosion phenomenon. On the other hand, the value of the metal concentration
Cso1 will be set to 143 mol/L [17].

Effect of the diffusion coefficient on the evolution of the pit depth :
In order to study the influence of the diffusion coeflicient D on the propagation veloc-

ity, we perform several computations as a function of D for the following choice of the
physical parameters

Ceat = 5.1mol/L, Csoy = 143mol/L (1.2)

with the initial values given by (see Figure 2) :

Initial pit depth : 22 = lpm.

At the pit entrance (z = 0) : C(0,0) = 1075 mol /L.

At the pit bottom (z = 24(0)) : C(24(0),0) = 5.1 mol/L.

In the pit solution (0 < z < 24(0)) : C(z,0) = linear profile from 10~% mol/L at z = 0
to 5.1 mol/L at z = z4(0).
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* Initial data

concentration of iron ions in mol/L

0.0 0.2 0.4 0.6 0.8 1.0
disctance from pit entrance in um

Figure 2. Initial distribution (at t=0) of the concentration of iron ions in the pit solution
for initial pit depth z4(0) =1 pm.

Figure 3 illustrates the evolution of the pit depth for several values of the diffusion
coefficient. We show that the depth increases when D increases. Indeed, we show that
after Tf = 1000 hours of pit propagation, if the diffusion coefficient increases by factor
A, the pit depth increases &~ v/A times.
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Figure 3. Evolution of the pit depth after 1000 hours of pit propagation for several values
of the diffusion.

The values z;lff are the final depths computed by the numerical code.

Remark 1.1 Let (Cl,zd,l) be a solution of Problem (1.1) for D = 1 and an initial
concentration Cy, then

o Cp(z,t) = Ci(z,Dt), za.p(t) = za1(Dt) is a solution of Problem (1.1).
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o Cp(z,t) = C4 <\/Zﬁ,t>, Zap = VD 2z41(t) is a solution of Problem (1.1) with the

z
initial condition Cy | ——
’ (@
Effect of Cg,; on the evolution of the pit depth :
In the case where D = 0.85 - 107° cm?.s~!, Figure 4 shows a comparison of the evolution

of the pit depth during 1000 hours as a function of v/time (in vhours) for several values
of Csat-

The parameter Cg,; has an influence on the evolution of the pit depth. Indeed, for a
fixed time, the most important pit depth is the one computed for the largest value of
Csat-

Let us compare the two extremes values of Csa, where Csa 1 = 5.1 mol/L and Ciag2 =
140.2 mol/L after 1000 hours of pit propagation. For Csa 1 = 5.1 mol/L, the pit depth
is &~ 1.51 ¢cm while for Cgay,2 = 140.2 mol/L is ~ 18.71 cm.

! ~ 12.3. Thus we deduce that even if the

value of Cg,t is very close to the value of Cso1 (which is not realistic), the pit depth
increases only 12 times comparing to the more realistic case where Cs, = 5.1 mol/L.

1
The ratio between the two depths is 8.7

For (D= 0.85-107% cm?.571; Csiig = 143 mol/L)

o 24(Vt) for Cp =5.1 mol/L, zJ/=1.51 cm
1754 ©  za(V) for Cear = 13.0 mol/L, z}/=2.46 cm

o 24(Vt) for Copr = 47.6 mol/L, zJ/=5.18 cm

o 24(Vt) for Cop = 71.5 mol/L, zJ/=6.92 cm

o 24(Vt) for Cep = 140.2 mol/L, z}’=18.71 cm

pit depth zy in cm

0 5 10 15 20 25 30
Vtime in Vhours

Figure 4. Evolution of the pit depth for several values of Cs,; during 1000 hours.

Numerical simulations for the convergence to the self similar solution :

In this paragraph, we present some numerical results which illustrate the convergence of
the solution (C, z4) of Problem (1.1) to a special solution (C,&y). Indeed, by means of a
change of variables using the self-similar variable

= m, (1.3)
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we can show (see [17] and also Section 5) that Problem (1.1) admits a self-similar solution
(C,&q) (a special solution) given by

e Tzds
C(ﬁ) = Csatfgdiba7
Jole Tds (1.4)

where £, is the unique solution of the nonlinear equation

Csat fd ﬁ /gd _s2
—— = —e¢ 4 e~ 4ds. 1.5
C’sol - Osat 2 0 ( )

Numerical simulations illustrate the convergence for long time of the solution (C, z4) of
Problem (1.1) to the self-similar solution (C,&;). This convergence turns out to hold
when starting from rather general initial conditions. We set

W, 1) =C(z,t) with 7 =In(t+1),
Ca(t) = NS

As an example, for D = 0.85 - 107% cm?.s7!, Cyoy = 5.1mol/L and Cy,; = 143mol/L,
Figure 5 shows the convergence to the self-similar solution when starting from the initial
data

za(0) = 29 =5 pm,

CO(z) 1= W(E,0) = C(2,0) = ch;sgt (1 +sin <27f02 N W)) . (1.7)

d 24 2
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For D= 0.85 107° cm?.57%; Csae = 5.1 mol/L

w

~

mmm Self-similar solution C

+ Initial data C(z, 0) = W(E, 0)
— W(E, T=0.0003)
—— WI(E, T=0.0009) 0.20
w— W(E, T=0.0031)
— W(E, T=0.0099)
—— WIE,T=0.0378)
w— W(E, T=0.3203)

W(E, T=1.2717) 018

—— W, T=2.4823) — &t
— W, T=4.4547) — =027

Concentration of iron ions in mol/L

0.00 0.05 0.10 015 0.20 025 [ 20 40 60 80
3 time in seconds

(a) Time evolution of the unknown function W (g, 7). (b) Time evolution of the moving boundary (4(¢).

=== _numerical free boundary z4(t)

70 | == self-similar free boundary £. VD(t+1)

0 20 40 60 80
time in seconds

(c) Time evolution of the moving boundary zq(t).

Figure 5. Large time behavior of the solution.

The purpose of this article is to prove that under rather general hypotheses on the initial
data, the solution of Problem (1.1) converges to the self-similar profile (1.4) (C, &) as
t — 4+o00. We will do so for a slightly different formulation of the corrosion problem
(1.1). In fact, by means of a change of variables, Problem (1.1) can be reformulated
as the classical Stefan problem given in Avner Friedman’s book on parabolic equations
(Chapter 8 of [9, p.215]). To do so, we perform the change of variables

C(sol - Csat C’sol - Csat
= ————" 72, s(t) = ——— z4(t) for all t >0, 1.8
and define
Csol - Csat
u(z,t) = Ceap — C(2,t) forall t>0,0<2<2(t) and 2 = ——— 2 (1.9)

VD
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Using the change of variables (1.8), Problem (1.1) becomes

U = 2 Ugy, t>0,0<z<s(t),
u(0,t) = Csat, t >0,
B (1.10)
u(s(t),t) =0, t>0,
ds(t
Z(t) = —auy(s(t),t), t>0,
where
o = Cgo1 — Csar > 0. (1.11)

Setting « = 1 and Cgu¢ = h in Problem (1.10) yields the problem which we study in this
article.

2 Main results

We consider the problem

Up = Ugy, t>0,0<z<s(t),

u(0,t) = h, t>0,

u(s(t),t) =0, t>0,

dfi(tt) = —uy(s(t).1), t>0, 1
s(0) = bo,

w(z,0) = up(x), 0<z<b

where x = s(t) is the unknown free boundary which is to be found together with u(z,t).

In [9], Friedman proves that this problem has a unique smooth classical solution (u(z, t), s(t))
in @ :={(z,t),t > 0,0 < z < s(t)}. Moreover it follows from Schaeffer [15] and Friedman
[7] that s € C°°(0,00) and that u is infinitely differentiable up to the free boundary s.
We also refer to Fasano and Primicerio [6] for their study of related moving boundary
problems.

The purpose of this paper is to study the large time behavior of the solution pair (u, s).
Also let us mention some previous results from literature. Meirmanov [13] has proved

s(t)

that v — a, where a is the unique solution of the nonlinear equation (2.4) below.

Also, Ricci and Xie [14] have performed a stability analysis of some special solutions of
a related one-phase Stefan problem on the semi-infinite interval (s(t), c0). In particular,
they mention that the interface s(t) behaves as 3/t for some positive constant 3 which
they characterize. Moreover, Aiki and Muntean [1, 2], as mentioned by Zurek [21], have
proved the existence of two positive constants ¢ and C independent of ¢ such that

eVt <s(t) <CVE+1 forall t >0,

in the case of a more complicated system.



FEuropean Journal of Applied Mathematics 9

In this article, we will prove that the solution pair (u,s) converges to a self-similar
solution as t — oco. First, let us define the self-similar solution. To do so, we introduce

the self-similar variable
T

= . 2.2
"= T 22
Then, the self-similar solution is given by
n —ﬁd
x e~ Tds
u(x,t) =U :Un:h{l—o} for all n € (0,a), 2.3
@) =0( ) = v =D 0.0, (©3)
where a is characterized as the unique solution of the nonlinear equation
a o [* _2
h = feT/ e~ Tds. (2.4)
2 0

In the first step, we will write the problem (2.1) in terms of 7 and ¢. To do so, we set

S t) (25)

However, the partial differential equation for V' which we obtain explicitly involves the
time variable t. It is given by

(E+DVi=Viy+2Vy, £>0, 0<n<af). (2.6)
This leads us to perform the change of time variable (see Hilhorst and Hulshof [10])
T=1In(t+1), (2.7)
and we set
W(n,m) =V(nt) = ulz,1),

b(r) = a(t) = \/‘i(tﬁ 28)

The full time evolution problem corresponding to the system (2.1) in coordinates n and
T is given by

WT:Wnn—i—ng >0, 0<n<b(r),

W(0,7) = h, >0,

W) oy s (2.9
e +T = —-W,(b(r), 1), T>0,

b(0) = bo,

W(n,0) = uo(n), 0<n < b

It is in the coordinates n and 7 that we will rigorously characterize the large time be-

havior of the solution pair (W, b). However, for technical reasons, we sometimes have to

use different variables, namely (y, ) with y = 1 forall 0 < 7 < b(7). The use of the y

b(7)

variable allows to transform the problem (2.9) into a problem posed on a fixed domain.
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To state an exact formulation of the results of this article, it is most convenient to
use the variable y lying in [0, 1]. In the variables (y,7), the problem for (W (y,7),b(t)) =
(W(U7 ), b(T)) is given by

. 1 . dln(b(r)) 1Y\ .
W‘r(yaT):WWyy(va)+y (d’7’+2) Wy(yaT)v T>O7 O<y< la
W (0,7) = h, >0,
W(l,7)=0 >0,

Ld(r)  B(r)

2 dr JrT**Wy(l’T)’ >0,

b(0) = by,

W (y,0) = uo(boy), 0<y<1.

(2.10)
The main result of this article is the following. We suppose that the initial data (ug, bo)
satisfies the hypothesis:

Hy : up € C[0,00) N WH(0,by) with ug(0) = h, ug(z) > 0 for 0 < x < by and
up(x) =0 for all > by.

Main Theorem 2.1 Suppose that (ug,bp) satisfies the hypothesis Hy. The unique solu-
tion (W,b) of Problem (2.10) is such that

TEIEOO ||W(,T) — U|‘C1+a([0’1]) =0 foral o€ (0, 1), (211)
TEI-POO b(T) = a, (2.12)

1 .- Y A
ﬁUyw—in:O, 0<y<1,
U0)=h, U®1)=0, (2.13)
a® A
? = _Uy(1)7

which is equivalent to the stationary problem corresponding to Problem (2.9)
Um,+gU,,=o, 0<n<a,
U)=h, Ua)=0, (2.14)
a
9 = _Un(a)7

for the self-similar solution of Problem (2.1).

Remark 2.2 The property (2.12) is equivalent to the convergence result

t
S 4 as t— oo, (2.15)

Vt+1

which was already proved by Meirmanov [13].
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We present in Figure 6 a numerical computation showing the large time behavior of the
solution pair (W,b) defined in (2.9). The initial data (ug,bo) is chosen as follows

by = 4,

uO(a:):h(( ! 1 )1+b0) sin (T)Hb (2.16)

1+x 1+by) b 1.5

with h = 2.

— initial data
W(n, t= 0.02)
—— W(n, T=0.08)
— W(n, T=1.98)
2.0 — W(n, = 3.76)
= = self-similar solution U 35

0.5

0.0

0.0 0.5 1.0 15 2.0 25 3.0 35 4.0 0.0 0.5 1.0 15 2.0 25
n time T

(a) Time evolution of the unknown function W (n, 7). (b) Time evolution of the moving boundary b(7).

Figure 6. Large time behavior of the solution pair (W, b).

Organization of the paper :

In section 3, we introduce the Stefan problem given by Friedman [8] and recall known
well-posedness and regularity results [7, 15]. Using a maximum principle [9], we show that
if up is nonnegative and bounded then the solution « is also nonnegative and bounded.

In Section 4, we start by defining a notion of upper and lower solutions for Problem (2.1).
Then, we present a comparison principle in the (z,¢) coordinates for a pair of upper and
lower solutions of Problem (2.1).

In Section 5, we construct the self-similar solution (U, a). We will show that U is as given
by (2.3) and a is characterized as the unique solution of the nonlinear equation (2.4).

In Section 6, we transform Problem (2.1) in coordinates (z,t) to obtain an equivalent
problem, Problem (2.9), in coordinates (1, 7) where the solution pair becomes (W, b). We
present an equivalent comparison principle in these coordinates and a class of functions
which include both the lower and upper-solutions. We use the notation (W, b) for the
upper-solution, respectively (Wh,by) for the lower-solution depending on a parameter
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A. We also denote by (W (n, 7, (uo, bo)), b(7, (ug, bo))) the solution pair of Problem (2.9)
with the initial conditions (o, bo).

In Section 6, we also discuss some properties of upper and lower solutions. Then, we
prove the monotonicity in time of the solution pair (W, b) of the time evolution Problem
(2.9) with the two initial conditions (W, b) and (Wh,by). In other words, we show that
starting from a lower solution, the solution W(n, 1) := W(n,T, (Wx,bx)) (i.e. with the
initial conditions (W, b)) increases in time as 7 — oo to a limit function ¢ and the
corresponding moving boundary b(7) := b(T, (W, b A)) increases to a limit by,. Similarly,
one can show that starting from an upper solution, the solution decreases to another
limit function ¢ as 7 — oo and the moving boundary b converges to a limit b.,. However,
we do not know yet whether 1) and ¢ coincide with the self-similar profile U and whether
bso and bso coincide with the point a. In order to prove these results we first have to
show extra a priori estimates which we do in the following section.

In Section 7, we prove a number of a priori estimates in the fixed domain. Indeed, we
pass to fixed domain (y,7) € (0,1) x RT to avoid technical problems related to the char-
acterization of the limits b, and bs. In other words, we need to show that W, (b(7), )
converges to ¥, (bss) as 7 — oo. This requests to prove the uniform convergence of
W, (n, T) to its limit as 7 — co which we can more easily do in the fix domain coordinates.

Section 8 is devoted to the study of the limits as 7 — oo. More precisely, we prove that
(1, beo) verifies the following conditions

b

and ) satisfies the ordinary differential equation

1/)7177 + g¢n =0. (2.18)

Similarly, it turns out that (W (n, T, (W, l_))),b(T, (W, 7)))) converges as T — 0o towards

the unique stationary solution (¢, bs) of Problem (2.9). At the end of Section 8, we show
that the solution pair (¢, bs) coincides with the unique solution (U, a) of Problem (5.4)
which also coincides with the solution pair (¢, bso).

3 Friedman’s formulation

Let A > 0, b > 0. We define the function space

XM(b) == {ug(z) € C[0,00), up(0) = h, up(x) =0for 0 <z <b,
uo(xz) =0 for x > b} (3.1)
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and we consider the problem

Up = Ugg, t>0,0<z<s(t),

u(0,t) = h, t>0,

u(s(t),t) =0, t>0,

dfi(tt) = ug(s(t).t),  t>0, (32)
5(0) = bo,

u(z,0) = ug(z) € X"(by).

Problem (3.2) is a free boundary problem where z = s(t) is the free boundary to be
found together with the unknown function w(z,t).

Definition 3.1 Let T > 0. We say that the pair (u, s) is a classical solution of Problem
(3.2) if
(1) s(t) is continuously differentiable for 0 <t < T
(2) u € C(Q7), where Qr := {(x,t),t € (0,T),0 < z < s(t)};
(3) ue C*H(Qr);
(4) u, € C’(QT) for all § > 0 where Q% = {(z,t),t € (6,T),0 < x < s(t)};
(5) the equations of Problem (3.2) are satisfied.

Let (u(z,t),s(t)) be a solution of (3.2) for all 0 < ¢t < T. We extend u by:
u(z,t) =0 for x > s(t), (3.3)

so that u(-,t) is defined for all = > 0.

Theorem 3.2 ([8, Theorem 1]) Let h > 0,b > 0 and ug € X"(b). Then, there exists
a unique solution (u(x,t),s(t)) of (3.2) for allt > 0 in the classical sense. Moreover,
the solution (u,s) is such that s is infinitely differentiable on (0,00) and w is infinitely
differentiable up to the free boundary for allt > 0 (see [7],[15]). Furthermore, the function
s(t) is strictly increasing in t.

Proposition 3.3 Let h > 0,b >0, h > h and ug € X"(b) such that 0 < ug < h. Then,
the solution (u(x,t),s(t)) of (3.2) is such that 0 < u(z,t) < h for all (x,t) € Q7.

Proof. We apply the strong maximum principle (Theorem 1 of [9, p.34]) which states
that if u attains its minimum or its maximum in an interior point (z°,t°) € Q7, then u
is constant in Q. However, since u(0,¢) = h > 0 for ¢ € (0,7] and u(s(t),t) =0, u(.,t)
cannot be constant in space on (0, s(t )), so that u attains its minimum and its maximum
on the boundary I' := {(0,¢),0 <t < T} U {(2,0),0 <z < b} U{(s(t),1),0 <t <T}. As
0 < ug < h, we conclude that 0 < u(z,t) < h for all (z,t) € Qr. O



14 M. Bouguezzi et al.
4 Comparison principle

To begin with, we define the lower and upper solutions of Problem (3.2), which permits
to bound the solution pair (u, s) from below and from above.

Definition 4.1 Foru € C(Q7) N C%1(Qr), we define L(u) = uy — Uyy.
The pair (u,s) is a lower solution of the Problem (3.2) if it satisfies

E(U) = Ut — Ugx < 0 in QT7
w06 < u(s(t),) =0, 0,

d’d(tt < —ug(s(t), B), t>0, (4.1)
§(0) < bOa
u(z,0) < up(z), x € (0,b).

The pair (u,3) is an upper solution of the Problem (3.2) if it satisfies (4.1) with all <
replaced by >.

Theorem 4.2 (Comparison principle) Let (uy(z,t),s1(t)) and (uz(z,t), s2(t)) be respec-
tively lower and upper solutions of (3.2) corresponding respectively to the data (hy,uo1,b1)
and (hg, Uup2, bg)
If by < by, hy < he and ugr < uga, then s1(t) < so(t) fort > 0 and uy(x,t) < us(x,t) for
z>0andt>0.

Proof of Theorem 4.2. The proof is rather similar to those presented by Du & Lou

[4, Lemma 2.2 and Remark 2.3] and Du & Lin [5, Lemma 3.5]. We omit it here. O

5 Self-similar solution

We now look for a self-similar solution of the problem

Up = Ugg, t>0, 0<uz<s(t),
u(0,t) = h, t>0,
_ (5.1)
u(s(t),t) =0, t>0,
ds(t)

e —ugz(s(t),t), t>0,

in the form

@ =v(2)
u(x,t) = — |,
Vi+1 (5.2)
s(t) = avt + 1,
for some positive constant a still to be determined. We set

T

= VEF1
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and deduce that
U,,,,+gUn:0, 0<n<a,

(5.4)
U(0) = h, U(a) = 0.
The unique solution of (5.4) is given by
n _s2
d
Um) =nh {1 . M] for all n € (0,a). (5.5)
o € Tds

It remains to determine the constant a. We write that

()

a

=—u
2yt +1 t+1

which implies that

a
5 = —Un(a)7 (57)
so that a is characterized as the unique solution of the equation
a o [* _2
h = feT/ e~ Tds. (5.8)
2 0

We remark that the function a = a(h) is strictly increasing, which in turn implies that
the functional h — U is strictly increasing.

We conclude that the self-similar solution of Problem (5.1) coincides with the unique
solution (U, a) of Problem (2.14).

Finally, we remark that the self-similar solution given by (5.5) and (5.8) is a translation
in time of the Lamé-Clapeyron solution [11] (see more details in Tarzia [20]).

6 New coordinates and construction of upper and lower solutions

We set

s(t) (6.1)

with 7 given by (5.3). We obtain the problem

(t+1)v;:vnn+gvn, £>0, 0<n<alt)

V(0,6) = h, V(a(t),t) =0, >0, (6.2)
(t+ 1)d2§t) + #

= —V,(a(t),t), t>0.

Finally we set
T=In(t+1). (6.3)
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The equations in the system (6.2) read as

WT:Wnn+an, 7>0, 0<n<b(r),
W(0,7) =h, W(b(r),7)=0, 7>0, (6.4)
db(r) = b(r)

dr T = _W”](b(T)’T)v T > Oa

where we have set
W(n,7)=V(n,t), b(r) = a(t). (6.5)

Next, we write the full time evolution problem corresponding to the system (6.4). It is
given by

WT:Wnn+an, 7>0, 0<n<br),

W(0,7) = h, T>0,

gigse .
D 2wy, 7>,

b(0) = by,

W(n,0) = uo(n), 0 <7 < bo.

Finally, we note that the stationary solution of Problem (6.6) coincides with the unique
solution of Problem (2.14), or in other words, the self-similar solution of Problem (2.1).

Definition 6.1 We define the linear operator L(W) := W, — Wy, — an. The pair (W, b)

is a lower solution of Problem (6.6) if it satisfies:

C(W):WT—Wm—ang(), >0, 0<n<br),
wW(0,7) < h, W(O(r),7)=0, 71>0,
db(t) = b(7)
2 e 6.7
dT 9 ~ —U(b(T)7T)7 T>07 ( )
b(o) < b07
W(n,0) < uo(n), 0 <n<b(0).

Similarly, (W,b) is an upper solution of the Problem (6.6) if it satisfies Problem (6.7)
with all < replaced with >.

Finally, one can deduce from Theorem 4.2 the following comparison principle.

Theorem 6.2 Let (Wi(n,7),b1(7)) and (Wa(n,7),ba(7)) be respectively lower and up-
per solutions of (6.6) corresponding respectively to the data (h1,uo1,bo1) and (ha,uga, boz)-
If b1 < bo2, h1 < he and upr < up2, then by(r) < bo(7) for 7 = 0 and Wi(n,7) <
Wa(n,7) forn >0 and 7 > 0.

Throughout this paper, we will also make use of the explicit notation W(n,T, (up, bo))
and b(7, (ug, by)) for the solution pair associated with the initial data (uq, bo).
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Construction of upper and lower solutions

Now, we construct ordered upper and lower solutions for Problem (6.6). Let (ug,bo)
be the initial data satisfying the hypothesis Hy in Section 2.

Upper solution. Let h > h. We consider (Wy,by) the unique solution of the prob-
lem

Wny,Jr?Wn:O, 0<n<b,
W(0)=h, W(b)=0, (6.8)
g = _Wn(b)7
which is given by
_ Jo e 5 ds
Wi(n)=h [1 - M} for all n € (0,by) (6.9)

and by is the unique solution of the equation

_ Ab3 b .
h= %‘eTA e ds. (6.10)
0

We easily check that W) satisfies the following property

Wy — gWM >0 ifandonlyif A<l (6.11)
Now, we suppose that
A<, (6.12)
and we define (Wi, b) by
b=>by and Wi(n):=Wy(n) if0<n<b, (6.13)

where Wy (1) is given by (6.9) and b satisfy the equation (6.10). Then (W1, b) with A < 1,
satisfies the following system

W1y — ngm >0, 0<n<b,
Wl(o) =h>h, W) =0, (6.14)
D= W),
:Fherefore, tIEe pair (Wl,__) with A < 1, will be an upper solution of Problem (6.6) if
b > by and Wy > ug in [0, D].

Now, we consider the function W5 solution of the following problem

A
Wy + SHW, =0, n>0,
W(0) =h, Wy(0)>0,

(6.15)
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which is given by
_ _ n 52
Wsa(n) =h+ ng(O)/ e~ ds for all >0, (6.16)
0

where W5 ,,(0) > 0.

We search \ such that W, satisfy the following inequality

_W2,7m - gWQ,n = 0. (617)
We have that
— 77 _ 77 _ _)\772
—Wgﬂm(??) — §W27n(7]) = §W27n(0)€ 1 (/\ — 1), (6.18)
so that, if
A>1, (6.19)

then (6.17) holds. So, we consider
— — n a
Wa(n) =h+ WQW(O)/ et ds for all n>0 and A > 1. (6.20)
0

For all 7 > 0, the function W, satisfies the problem

~Wa.mn — gWZn >0, 0<n<b(r), (6.21)
W2(0) = h, Wa(b(1)) = 0.

We recall that we denote by (W (n, 7, (uo,bo)), b(7, (ug, bo))) the solution pair of Problem
(6.6) with the initial conditions (ug,bg). According to the classical maximum principle
for parabolic equations, we will deduce that

WQ(”) 2 W(naTa (UOa bO))a for all 7 P 0777 = 05

if we are able to prove that Wa > g in [0, bg].

Now we define the pair (W, b) where
W = min(W1, W) and b is given by (6.13). (6.22)
We will prove in the next Lemma that WV is bounded from below by g in [0, bg].

We recall that the function space X"(b) is defined in (3.1).

Lemma 6.3 Let ug € X"(bg) N WH>(0,bg). The pair (W,b) defined in (6.22) is such
that ug < W in [0,bo] and by < b. Moreover, we have that

b(T, (uo, bg)) < b and W(T},T, (up, bo)) <W(n) for allT > 0,1 >0, (6.23)

where (W (n, T, (uo, bo)), b(7, (uo, bo))) denotes the solution pair of Problem (6.6) with the
initial conditions (ug, bp).

Proof. Define
d h b
M := max (| oy, 0) (6.24)
dn “pe(ob) Do 2
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From the equalities

"d bo d
up(n) = h+ ﬂ(s) ds and uo(n):—/ ﬂ(s) ds for 0 < n < by,
o dn n o dn
we deduce that
uo < min (h + Mn, M(by — n)) for all € (0,b). (6.25)
We define
h = Mby, (6.26)
and
Wi(n) = h(1 - %) — Mby(1— %) for all 0 <n < b, (6.27)
with
b= V2h, (6.28)
so that
b= +/2Mby. (6.29)
The pair (W4, b) is an upper solution such that
Wl = Uuop in [O,bo] (630)
Then, according to the comparaison principle Theorem 6.2, it follows that
b(7, (uo,bo)) < band W (n, 7, (ug,by)) < Wi(n) for all T > 0,7 > 0. (6.31)
Now, we turn to Ws. In view of (6.20), we recall that
_ _ n $2
Wa(n) = h—l—Wg,n(O)/ e~ ds forall >0 and A > 1.
0
In particular
Wa(0) = h. (6.32)

Next, we compute the coordinates of the intersection point between the lines
(=h+Mn forall n>0 and W;:(= Mbo(l— \/2;\’/1750) for all 0 <n < b. (6.33)

We note the intersection point by P = (1, ().

We have that

h+ Mn, = Mby <1 - V%) (6.34)
0
so that
Mbg
M + = Mbg — h. 6.35
Mp ( \/m) 0 ( )

In view of (6.35), it follows that
Mby — h

hp = ————.
Mb
M4y =5+

(6.36)
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In view of (6.33), we deduce that

Mby — Mby —
P=(np,¢) = > b 0 2 (6.37)
e F f
Next, we write that
W2(77p) = (ps (6.38)
that is
_ Tp B
h+ WQW(O)/ e T ds=(, forall A>1. (6.39)
0
Thus, we deduce that
W, (0) = S ——— forall A>1. (6.40)
On” e "1 ds
In view of (6.40), we obtain
_ Cp—h s
Wao(n) =h+ ——5— [ e *ds forall n>0 and A > 1. (6.41)
Jore " ds
We can easily check that
WQ 2 (27} in [O,bo] (642)

Then, according to the classical maximum principle (see [Protter-Weinberger]), we deduce
that

Wa(n) = W(n,, (uo, bo)), for all 7 > 0,7 > 0. (6.43)
Now, in view of (6. 30) (6.31), (6.42) and (6.43), it follows that
N = mm(Wl,Wg) Uuo in [0 bo] and B > bo (644)

and the comparison estimates (6.23) hold.
This completes the proof of Lemma 6.3. |

Lower solution. We consider (W, by) the unique solution of the problem

A
Wy + S, =0, 0<n<b,
W(0)=h, W(b) =0, (6.45)
b
5 = _Wn(b)7
which is given by
2
_id
Wi(n) = h{l - fgws} for all n € (0,by) (6.46)
o e i ds

and by is the unique solution of the equation

by 3 bx 52
h = E)‘eTA/ e i ds. (6.47)
0
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We can easily show the following properties for (W, by).

Lemma 6.4 We have that

0<Wyx(n) <h forall A\>20 and 0 < n < by, (6.48)
Win(n) <0 forall A>0 and 0 <n < by (6.49)

and
Wann(n) =20 forall A>0 and 0 <n < by. (6.50)

In particular,

W s a linear function if A =0, (6:51)
a convex function if A > 0.
We easily check that W) satisfies the following property
W — gW,\m <0 ifandonlyif A> 1L (6.52)
Now, we suppose that
A1, (6.53)
and we define (W,,by) by
w if 0 <7< b,
by = by and Wi ()= A USSR (6.54)
0 if n > by,

where W (n) is given by (6.46) and by satisfies the equation (6.47). The pair (W,,by)
will be a lower solution of Problem (6.6) if by < by and W, < wg in [0, bo].

Next we establish some further properties for the free boundary position by.

Lemma 6.5 The following properties hold for by satisfying (6.47).

(1) by is a decreasing function of \.

(2) by — 0 as A = +oo.
Proof. We start to prove (i). We define F as the function given by

b b A2 — s2)
F(\by) = EA/ e T ds—h (6.55)
0
and consider the equation F(\, by) = 0. We compute the differential of F through partial
derivatives given by
oOF oOF

dF = ——d\ + —db,. 6.56
F B + by A ( )

From (6.55), it follows that
oF _ by

b (b2 _ 82) A2 - 52)
A AT
) /0 ¢ ds >0 forall by >0 (6.57)
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and

1 bx A2 — s2) b b Iy A A2 — s2)
oF _ 7/ e~ T ds + 2 1+/ A= —ds ) >0 forall by > 0. (6.58)
8bA 2 0 2 0 4

Since F(A,by) = 0, it follows from (6.56) that

OF(\by) .. OF(A\by)
T

dby = 0. (6.59)

0
Thus, since 5‘7]: # 0, it follows from (6.57),(6.58) and (6.59) that
A

OF (N, by)
dby 9
- oy Y (6.60)
Dby

which completes the proof of (i).

Now, we turn to the proof of (ii). For A > 0, we have by > 0 and by is a decreasing
function of \. Hence, there exists o > 0 such that by — « as A — +oo and by > « for
all A > 0. We shall prove that o = 0. This fact mainly relies on the following inequality
which will be proved later on. Let a > 0. For A > 0 large enough, the following inequality
holds :

@ 52 A 0.2
/ e ds > a(l+ Za2)67AT. (6.61)
0
Since by > « for all A > 0, we deduce from (6.47) that
(X2 @ 52
h> %eAT e i ds. (6.62)
0

For X large enough we infer from the estimate (6.61) that
a? A

> — Za?). )
h> o (1+ J0%) (6.63)

Letting A — 400 in (6.63), we see that we necessarily have o = 0. It remains to prove
that the inequality (6.61) holds for A large enough. We only have to consider the case

where a > 0 since (6.61) is trivially true for ¢ = 0. Let us introduce f(x) = e . We

have f"(z) = 5(32% — 1)6_¥. We choose A > 0 large enough to have 0 < \/g < a and
then f is convex in [\/% , a]. Therefore, for all x € [\/% , a] we have

J(@) > gl@) == f(a) + (¢ — ) f'(a) (6.64)
that is

o2 A o2 2
e~ > (1 + §a(a - x)) e, forallx € [\/:, al. (6.65)
Next we prove that (6.64) also holds for z € [0, \/g] Indeed, we have

Aa?

A
max_ g(x) = g(0) = (1+ Sa?)e™ 4
vef0.vZ] 2
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and

(NI

i = g =e 2.
zeﬁl,l\/?]f(x)_ﬂ\/:)

Since g(0) — 0 as A — +o00, we get, for A large enough

1
max g =¢(0) < min f=e"2 (6.66)
0.v/3] CAVEY
and then
2
g(z) < f(x), for all x € [O, \/;} (6.67)
Combining (6.64) with (6.67) leads to f(z) > g(z) for all z € [0, a], that is
_2c? A _2a?
e > (1 + §a(a - x)) e” 4, forall z €]0,qa] (6.68)
Integrating (6.68) over [0, a] leads to the desired inequality (6.61). O

The next result ensures that the pair (W,, b)) is actually a lower solution of Problem
(6.6) for A large enough.

Lemma 6.6 Let ug € X" (bg) "W >°(0,b) and (W,,by) defined by (6.54). There exists
A = 1 large enough such that W, < ug in [0,bo] and by < by. Then, Wy, by) is a lower
solution of Problem (6.6).

Proof. According to (6.51), W) is a convex function. Thus, we have

h

Wi(n) < b—(l))\ —n) forall 0 <n < by (6.69)
A
e " dug
From the identity ug(n) = h + d—n(s)ds for 0 < 1 < by, we deduce that
0
ug(n) =2 h—Mn forall 0 <n<by (6.70)
d
where M = ||ﬂH . From Lemma 6.5 (ii), by — 0 as A\ — 4o00. Then we can
dn LOO(O,bo)

choose A > 1 large enough so that
by < min (b (6.71)
A mMIn M7 o |- .
Estimate (6.70) then becomes
h
uo(n) >h—b—n for all 0 <1 < by
A

and we deduce from (6.69) that
ug(n) = Wi(n) for all 0 < n < by. (6.72)

Defining W, = W) and by = by as in (6.54), we deduce that the pair (W, by) is a lower
solution for Problem (6.6). U
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In view of Lemma 6.6 and the comparison principle Theorem 6.2, it follows that

b < b(7, (ug, b)) and Wi(n) < W(n, T, (uo,bo)) for all 7 > 0,7 > 0. (6.73)

Next, we prove the monotonicity in time of the solution pair (W,b) of the time evolu-
tion Problem (6.6) with the two initial conditions (W, b) and (Wi, by). We recall that
(Wn, 7, (ug, bo)), b(r, (ug, bo))) denotes the solution pair of Problem (6.6) with the initial
conditions (ug, bo).

Lemma 6.7 Let (W,b) be the pair defined by (6.22) and (Wh,by) be the lower solution
of Problem (6.6) defined by (6.54).

(1) The functions W (n,7,(W,b)) and b(t,(W,b)) are nonincreasing in time. Further-
more, there exist a positive constant bs, and a function ¢ € L°°(0,bs) such that

Jlim W (n,7,(0W,0)) = é(n)  for all 1 € (0,be), (6.74)
TEI-"I}OO b(r, (W, b)) = bee. (6.75)

(2) The function W (1,7, Wh,bx)) and b(7, (Wa,by)) are nondecreasing in time. Fur-
thermore, there exist a positive constant bo, and a function ¥ € L*(0,bs) such

that
lim W(n,m, (Wx,bx)) = () for all 1 € (0,be0), (6.76)
lim b(7, (Wa,by)) = oo (6.77)

and that W(T],T, (WA,bA)) and b(T,(
(6.23) we have that

N bA)) are nondecreasing in time. Indeed, from

b(7, (ug, b)) < b and W (n, 7, (uo, by)) < W(n) for all 7 > 0 and n > 0.
In particular, with uy = W and by = b, we get
b(r,(W,b)) < band W (n,7,(W,b)) < W(n) forallT > 0andn > 0. (6.78)
In view of (6.27), (6.41) and (6.44), we have that
0 < W(n). (6.79)
Then, it follows from Proposition 3.3 that
0< W(n,7,(W,b)) forall7>0andn > 0. (6.80)
Let o > 0 be fixed. We apply Theorem 6.2 for (6.78) to obtain
b(r+0, (W,b)) < b(o, (W,b)) and W (n, 7+0, (W,b)) < W (n,o,(W,b)) for all 7> 0andn > 0.

Thus for each n, W (n, 7, (W, b)) is nonincreasing in 7 and from (6.80), it is bounded from
below by zero. Therefore it has a limit ¢ as 7 — oo.
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Also b(7, (W, b)) is nonincreasing in 7 and from (6.73) we deduce that it is bounded from

below by by . Therefore it has a limit b, as 7 — oco.

The same reasoning can be applied to prove that W(n,T, (W,\,bx)) and b(T, (W,\,b,\))
are nondecreasing in time. Thus for each 7, W(n, 7, Wi, bA)) is nondecreasing in 7 and
it is bounded from above by the constant function h as follows from Proposition 3.3.
Therefore it has a limit ¢ as 7 — oo. Also, b(7, (W,,by)) is nondecreasing in 7 and
bounded from above by b thanks to (6.23). Therefore it has a limit by, as 7 — co. [

Later we will show that ¢ and v coincide with the unique solution of Problem (2.14). To
that purpose, we will derive in the Section 7 estimates for the free boundary Problem
(6.6) in fixed domain.

7 A priori estimates for the solution of Problem (6.6) on the fixed domain
Definition 7.1 We define
b(7) := b(r, (W5, b)) and W(n,7) := W (n, 7, (W, b)) for all 7> 0,0 <n < b(7),

b(7) :=b(r, (W,b)) and W (n,7) := W(n,7,(W,b)) for allT > 0,0 <1 < b(7).
We start by showing successive lemmas for the functions pair (W,b) and (W, b).

Lemma 7.2 We have the following uniform bounds in time
by <b(1)<b(T)<b forall >0 (7.1)
and there exists a constant h > h such that

0K W(n,7)<W(n,7)<h forallTt >0, 0<n<b. (7.2)

Proof. Tt follows from (6.73) and (6.23) that
by < b(7, (ug,bo)) < bforall T > 0.
In particular, for (ug,by) = (W,,bx), we obtain
b < b(7) :=b(7,(Wy,bx)) < bforall 7 > 0.
For (ug,by) = (W, b), we obtain
by < b(T) := b(T, (W,l_))) <bforalT>0.

We know from (6.48), (6.54) and (6.79) that 0 < Wy (n) < h < h and 0 < W(n) < h for
all n € (0,b), which by Proposition 3.3 implies that

0<Wn,71):= W(n,r, (Wk,b,\)) <h forallT>0,0<n<b,
and

0<W(n,7)=W(n,7,0W,b))) <h forallTt>0,0<n<b
We deduce from the comparison principle, Theorem 6.2, that (7.1) and (7.2) hold. [
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Lemma 7.3 For any € > 0, there exists Cc > 0 such that

Hb”cl([e,oo)) < O, HBHCI([WO)) < C..

Proof. By Lemmas 6.7 and 7.2, it follows that

V(r)=0=0(r), ba<b(r)<b(r)<b, 0K W(n,7)<W(n,7)<h.
Applying the differential equation for b(7) in (6.6) to (W,b), we immediately obtain
_ . 1- b
0=V(r)= —Wn(b(r),r) — §b(7') > ~5
since W, (b(7),7) < 0. This yields the desired C* bound for the free boundary b(r).

IS~

()

For the free boundary b(7), we apply a comparison argument. Let € > 0. We take L = —
and define

h
W(n,7):=M(b(r) —n) with M > T still to be fixed,

with the constant h > h given in Lemma 7.2. Then we compare W and W on the region
Q:={(n,7):b(r) — L <n <b(T), 7 > €}, where W satisfies

and

Next, we choose M > — such that

h
L
W, (n,€) = =M for all 1€ [b(e) — L,b(e)],
which implies that

7 —

W(n,e) = W (b(e), e)—|—/b( ) W, (s,€)ds < M(b(e)—n) = W(n,€) for all n e [b(e)—L,b(e)].

Therefore we obtain, by the standard comparison principle, that

W>=W in Q.
Since W(b(T), 7) =W (b(r),7) = 0, it follows that
-M = Wn (b(7),7) S Wy (b(r),T) for 7>
and hence
0 <Y (1) = =Wy (b(r),7) — %b(T) <M - %b)\, for 7> e.
The desired estimate for b(7) thus follows. O

It will be necessary in the sequel to work on a fixed domain. To do so, we start by giving
the transformation to the fixed domain €2 := {(y,7) € (0,1) x (0,00) }. We set

i = % W(y1,7) = W(n,7) forall 73>0,0<n<Db(r) (7.3)
.
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and

Yo = %, W2(ya,7) = W(n,7) forall 7>0,0<n<b(r). (7.4)
-

The function Wl(yh T

 ~—

satisfies the problem

. 1o dIn(b(r)) 1Y .
= — "t 1
WT(y’T) bQ(T)Wyy(ny)+y ( dr +2> Wy(yaT), 7T>0,0<y<1,
W(0,7) = h, >0,
W(l,7) =0, >0,
1db*(t) b (1) .
_ = = — _ 1
2 dr 2 Wy( 77-)’ T>0,
b(O) = b07
W (y,0) = uo(boy). 0<y <1,

(7.5)
and the function W2 (y,, 7) satisfies the problem

. 1 . dln(b(r)) 1\ .
W (y,7) WWyy(y,7)+y <d7_+2> Wy(y,7), 7>0,0<y<]l,
W(O,T) =h, T >0,
W(,7) =0, T >0,
1db%(t) = b%(7) N
- - _ 1
2 dT + 2 Wy( 77-)7 T > 07
b(0) = by,
W (y,0) = uo(boy), 0<y<1
(7.6)
Let r > 0 and o > 0. We define the domain
Q" =(0,1) x (r,r + o). (7.7)

Next, we define the extension of W on the domain (—1,2) x (0,00) as follows

2h —Wi(—z,7) 7>0,-1<2z<0,
Wiz, 1) = Wiz, 1) 7>00<z<1, (7.8)
—Wi@2-27) T7>01<z<2

In view of Problem (7.5), we deduce that W satisfies the following problem

—~ 1 — dln(b(r)) 1\ =~
Wz, 1) = bQ(T)WZZ(z,T)+z = —|—§ W.(z,7), T>0, -1<z<1,
—~ 1 ~ d In (b(1) 1\ ~
YT(Z7T)_mWZZ(Z7T)+(z_2) <d7'+2> VVZ(Z,T)7 7'>07 1<Z<2,
W(-1,7) = 2h, >0,
W(2,7) = —h, 7>0.

(7.9)

An analogous problem is also satisfied by W2 with b in place of b in (7.9).
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The extensions V%,z’ = 1, 2, satisfy initial value problems of the form

WT(Z,T) = A(T)WZZ(Z,T) + B(z,7) 17[//2(2,7), >0, —1<z2<2,
W(-1,7) = 2h, >0, (7.10)

W(2,7)=—h, 7> 0.

Theorem 7.4 Let p > 1 and r > € > 0. There exists a positive constant C which
does not depend on r such that the solutions W of problems (7.5) and (7.6) satisfy the
estimate

Wins,l(Qr) <C. (7.11)

Proof The coefficient A in (7.10), which only depends on 7, is positive and uniformly
bounded away from zero on [g,00). Moreover, A satisfies HAH C1(([e,00) < C for some
positive constant C. The coefficient B in (7.10) is also uniformly bounded on [—1,2] X

[e,00). The estimate (7.11) then follows from [12, Theorem 7.13], which gives interior

estimates, and from its proof. This completes the proof of Theorem 7.4. |

Lemma 7.5 We have

14+

WpQ’l(QT) Cotres ([07 1] x [7“»7”4-0]) with o =1 —% for all p € (3,00).

Proof Lemma 7.5 follows from Lemma 3.5 of [3, p.207]. O

Corollary 7.6 There exists a positive constant C which does not depend on r such that
the solution W* of problems (7.5) and (7.6) satisfies the estimate

Wi,

Cl*"([O,u) < C forall aw€(0,1). (7.12)

Proof We deduce from Lemma 7.5 that there exists some positives constants C > 0and
C > 0 such that

HW@‘HCH&,HTQ([Ovl]x[mw]) < GHW@'HW;J(QT) < C forall a€(0,1), (7.13)
which in turn implies that

HWi("T)HCHa([OJ]) < C forall o€ (0,1). (7.14)

This completes the proof of Corollary 7.6. O

8 Limit Problem as 7 — oo.

Theorem 8.1 Let (w,boo) be defined in Lemma 6.7. Then (w,boo) is the unique sta-
tionary solution of Problem (2.14).

Before proving this theorem, we need to show some preliminary results. Let W1 be defined
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as in (7.3). We also define

b(y) = (), y=—-€[0,1] for 0<n< bu. (8.1)

We start by showing the following result.

Lemma 8.2 We have that BT |[W(.,r) — 1[)||Cl+o<([071]) =0 forall a € (0,1).

Proof. The proof of Lemma 8.2 follows from Corollary 7.6 and Lemma 6.7. ]

Lemma 8.3 We have that

Pyy € LP(0,1) for all p > 1.

Proof. From Theorem 7.4, it follows that there exists a positive constant C > 0 such
that

||Wi||wg,1(9,,~) < C forall p> 1.

which implies that
r4+o 1 o
/ / W, (y, s)lpdy ds<C (8.2)
r 0
With the change of variable S = s — r, the inequality (8.2) becomes
o 1
/0 /O (Wi, (y, S +7)|Pdy dS < C. (8.3)

Thus, there exists v € LP ((0,1) x (0,0)) and a sequence {W""},o of functions in
W21 ((0,1) x (0,0)) such that

Wyt — v weakly in L” ((0,1) x (0,0)) asn — +oo (8.4)

For all ¢ € D((0,1) x (0,0)), we have that

o 1 o 1
/0 /0 W e dyds —>/O /0 v dyds as n — +oo. (8.5)

Integration by parts yields, in view of Theorem 7.4 and Lemma 8.2,

o 1 o 1 o 1
/0 /0 W;jy”gadde:/o /0 W5y dyds%/o /0 Yoy, dyds as n — +oo. (8.6)

Now, since

/OU /01 Pipyy dyds = <1/A11,y, @>D,7D (8.7)

we deduce from (8.5), (8.6) and (8.7) that v = 1, € L?(0,1), which completes the proof
of Lemma 8.3. U

Next, we prove Theorem 8.1.
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Proof of Theorem 8.1. The proof will be done through successive Lemmas. The first
step of the proof consists in showing the following result.

Lemma 8.4 We have ¥(0) = h and ¢(bs) = 0.

Proof. We start by showing that ¢(0) = h. Indeed, we have that (recall that W is
nondecreasing in time)

Wi(n) =W(n,0) <W(n,7) < h. (8.8)
Letting 7 tend to +o00, we deduce that
Wi(n) < (n)

< h forall g € [0, bso]-
Then, for n = 0, we obtain W, (0) = h < ¢(0) < h, that is ¥(0) = h.

Next, we prove that 1(bs) = 0. We deduce from Lemma 8.2 that

Wi(1,7) = P(1) as T — oo, (8.9)
which is equivalent to
W (b(7),7) = ¥(bss) as T — o0. (8.10)
Since
W (b(r),7) =0 for all 7> 0, (8.11)
we deduce that indeed 9 (bs) = 0. O
The following result holds.
Lemma 8.5 We have
bso
5 = — 1 (boo ). (8.12)

Proof. First, we prove the corresponding relation for @[;y(l) and then we will conclude
the result for 1,. We recall that
db(r)  b(r)

_|_

- == —W,(b(r),7) for all T > 0. (8.13)

In view of the change of variables (7.3) for W, the equation (8.13) becomes
LdP(r) | B(r)
2 dr 2

Integrating (8.14) in time between 7 and 7 + ¢ and performing the change of variable
S = s — 7, we obtain

il
=-W,(1,7) forall 7>0. (8.14)

;(bz(rﬂr)bz(r))+;/oab2(s+7)ds/Og W21, 8 +7)dS. (8.15)

Then, we deduce from Lemma 8.2 that

Wyl(l,5+7') — z/Ajy(l) as T — +oo in C*([0,1]) for all a € (0,1),
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and recall that b(7) — be as T — +o00. Passing to the limit as 7 — +oo in (8.15), we
conclude that

b2 -
Beo gy (8.16)
Now, since 1, (1) = bid;y(y), y= bl for all 0 < i < beo (see (8.1)), the relation (8.16)
becomes o o
b
%O = 1y (boo), (8.17)
which completes the proof of Lemma 8.5. |

The last step of the proof of Theorem 8.1 consists in the following result.

Proposition 8.6 The function ¢ € C*°([0,b]) and satisfies the equation

n .
Yy + 51/)17 =0 in (0,bs).
Before proving Proposition 8.6, we show the following lemma.
Lemma 8.7 The function ¥ satisfies

[ 90 om0 4 o)~ 5 00)) du=0 (8.18)

for all test functions ¢ € D(0,1).

Proof. Recall that the function W1 (y,7) satisfies Problem (7.5), in particular we have

X 1. dln(b(r)) 1Y\ .
1 _ 1 4 1
WT(y’T)_bQ(T) Wy (Y, 7) +y ( I +2 W, (y,7) forall 7>0, 0<y<1.
(8.19)
1 db? b? -
From Problem (7.5), we have 3 ’d(T) + - g—) = —Wyl(l,T) which implies that
T
d(r)  —1 . b(r)
- Wi, - 2 2
prail e LD (8.20)
In view of the equality (8.20), the equation (8.19) becomes
~ 1 ~ Y ~ ~
Wi _ Wi Wi Wi
T(y,T) = m yy(y,T) — % y(l,T) y(y7T) for all 7> 07 0< y < 1. (821)

Next, we multiply (8.21) by the test function ¢ and integrate both sides of the equality
on (0,1) x (1,7 + o) to obtain

/TT+0 /Olvvj(y,s)np(y)dy ds — /Tf+o /01 (b%) W, (y, s)— bz‘qzs) Wi(1,s) Wyl(y,s)) oly) dyds.

(8.22)
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We integrate by parts the first term on the right-hand-side of (8.22) to obtain

Tt+o pl 1 - o pl 1 .
/T /0 mWyy(Z/yS)‘P(y) dyds = /7- /0 7() W (y,s) @yy(y) dyds. (8.23)

Next, we integrate by parts the second term on the right-hand-side of (8.22) to obtain

T+o 1 —y R .
[ s W5 W) et) s =
+ Jo B(s)

A Y il L sn
L e (s Wi )+ s WL 9 ) dpds. (520

We deduce from (8.23) and (8.24) that the right-hand-side of (8.22) becomes

/ / <b2 y:5) = b2( ) Wy (1,s) W, (y,s)> o(y) dyds =

T+0 . 1 .
[ / W1<y,s>(62(8) o)+ s Wi (1.5) ,0)+ g5 Wi (19 @(y)> dy ds.
(8.25)

Moreover, we have,

/ /W1 (y, s dyds—/ Wy, 7+0)e(y) dy—/olWl(y,T)sD(y)dy. (8.26)

We deduce from (8.22), (8.25) and (8.26) that

/le,r—i—o y) dy — /W y, 7)e(y) dy
/T+U/W ! (y)+ Wl(ls) (y)+ LI/T/I(ls) (y) ) dyds
(y,s b2(s) Pyyl\Y b2( ) Pyly P25 v\ Py ydas.
(8.27)
With the change of variables S = s — 7, the equality (8.27) becomes
/le,T—i—U y) dy — /W y, 7)p(y) dy
Y 1 il
_— — 1 _— 1 dydsS.
(8.28)
Furthermore, according to Lemma 8.2, we have
TBTOOW (.,7) =% in C*([0,1]) for all a € (0,1), (8.29)
and
Wi(1,7) = ¥,(1) as T — 400, (8.30)
and from (8.16), we have
b2
—ty(1). (8.31)

2
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According to Lemma 6.7, we recall that

TEIJIrloob(T) = boo- (8.32)
We recall that
0< Wh(y,7)<h forall 7>0,0<y<1. (8.33)

It follows that
4007 + 016 < el o
According to Lebesgue’s Dominated Convergence Theorem,
1
/ Wl(y,T—i—a dy—)/ w y)dy asT — oo. (8.34)
0

Similarly, we also have that
1
Wy, m)e(y) dy — / D(y)ely)dy asT — oo. (8.35)
0

Now, we turn to the right-hand-side of (8.28). In view of (8.30), (8.31) and (8.32), we
deduce that as 7 — oo

Y 1 1 Yy 2-1 1 371
/0 /o w (9754'7)(%% @yy(y)+m W, (1,5+7) @y(f@"‘m W, (1,S8+7) gp(y)) dydS

1
_>/ / <b2 MOES ENOEE @(y)> dyds. (8.36)
We conclude from (8.28) and (8.34)-(8.36) that

1
- 1 Y 1
[ 90 (5 om0 -4 o)~ 5 00)) du =0 (8.37)
for all test functions ¢ € D(0,1) which yields the result of Lemma 8.7. O
Finally, we present the proof of Proposition 8.6.

Proof of Proposition 8.6. From Lemma 8.3, we have that 1/}yy € L*(0,1). Then, by
means of integration by parts, we obtain

1 1
/ Sw)en)dy = [ e dy (3.39)
0 0
and
1, 1.
[ i S ewa=- [ (b §ew) + piwew)a s
for all test function ¢ € ”D(O, 1). Hence, we deduce from (8.18) that
L .
/0 (bz byy(y) + % %(y)) o(y)dy =0, (8.40)
for all ¢ € D(0,1). In view of (8.1), we recall that
by) =vm), y=7"€0,1] for 0<7< bu. (8.41)

beo
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This finally implies that
b€ C([0,boo]) and 1y, + %pn =0 forall 0<17 < be. (8.42)

This completes the proof of Proposition 8.6. |

We conclude that the pair (W(r],T) = W(r],T, (W/\,b,\)),b(T) = b(T, (WA,b,\))> con-

verges to (¢,bx) as 7 — oo. Thanks to Lemma 8.4, Lemma 8.5 and Proposition 8.6,
(1, beo) coincides with the unique stationary solution (U, a) of Problem (2.14). This com-
pletes the proof of Theorem 8.1. |

Similarly, one can show that (W(n,T, (W,l_))),b(T, (W,B))) converges as T — 00 to

(¢, b ) Which also coincides with the unique stationary solution (U, a) of Problem (2.14).
The main result of this article is main Theorem 2.1.

Recalling Lemmas 6.6 and 6.3, the main Theorem 2.1 implies the following result in
the moving variables framework.

Theorem 8.8 Letug € X" (bg)NW>°(0,by). Let (W,b) = (W (-, -, (uo,bo)) , b(-, (o, bo)))
be the solution of Problem (6.6) with the initial data (ug,bo). Then

lim W(n,7)=U(n) forallne (0,a) (8.43)

T—+00
and

lim b(7)=a (8.44)

T—+00

where (U, a) is the unique solution of the stationary Problem (2.14).

Proof. For all 7 > 0 and n > 0, we have that
W(% 7, (WAabA)) < W(nv T, (u()v bO)) < W(na T, (Wa B)) (845)

and

b(r, W, b)) < b(r, (uo, b)) < b(r, OV, b)). (8.46)
According to Lemma 6.7 together with the fact that (¥,bs) = (¢,b00) = (U, a), we
deduce that

TEIJ,T}OO W(% ™, (W, b)) TEIEOO W(n,7,(Wy,bx)) = U(n), (8.47)
TBIJ?OO b(r,(W,b)) = TEIEOO b(r, Wi, br)) =a. (8.48)
The result of Theorem 8.8 then follows from (8.45) and (8.46). O

This completes the proof of the main result of this article stated in Theorem 2.1 in
Section 2.
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